THEOREM II. If f(z), z -x + iy, is analytic in the interior E of the ellipse with foci at z ~ 0 and 2 = 1, then B n (z;f)->f(z) as n -> GO on E, this convergence being uniform on each closed subset of E.
The first of these results is due to S. Bernstein [1] , the second to L. V. Kantorovitch [6] (See also [4] , [7] ).
For f(x) defined on [0, co) the functions (1.2) P k (χ; f) = ek° Σ form a natural extension of the Bernstein polynomials, the terms of (1.2) corresponding to a Poisson distribution in much the same manner as the terms of (1.1) correspond to a binomial distribution. The functions (1.2) have been considered by Favard [5] , Szasz [9] , and Butzer [3] for the real case. The results of Favard and Szasz include the following analogue of Theorem I. [Szasz] , or more generally, if f(x) = O(e Λx ) [Favard] as x->oo, where A is a positive, real constant, then P k {x)f)-+f{%) as k->co for x on [0, co), this convergence being uniform on each finite subinterval Of [0, oo) . 
THEOREM III. If f(x) is continuous on [0, oo), and if f(x) = O(x A )
satisfy the following four conditions.
The convergence in (2) is uniform on each compact subset of p(d). We note the result of Pollard [8] and Szasz and Yeardley [10] that, in order that a function f(z) be analytic and have property B in p(d), 0 < d, it is necessary and sufficient that f(z) possess a Laguerre .series (of order 0),
JO which converges to it in p(d). As a consequence of this result, the hypothesis in Theorem IV that f(z) be analytic and have property B in p{d) can be replaced by the hypothesis that f(z) possess a Laguerre series which converges to it in p(d). The result of Szasz and Yeardley [10] is valid as well for general Laguerre series.
Lemmas for Theorem IV.
It is convenient to develop the proof of Theorem IV in lemmas. Unless the contrary is stated we assume z arbitrary and 0 < k.
Proof. We can suppose / = z n , where n is a nonnegative integer. We have
where the cj w) are constants. We obtain then .and the lemma follows. We may observe that c^ = 1. It follows that P k (z;f)->z n as k->o3 for every 2, the convergence being uniform on each compact set. The same result then holds for any polynomial.
where L n is the nth Laguerre polynomial of order 0. Then
(s)w» = -?:-expj-feg + fegexpΓ ~w X Ί1, | w | < 1.
Proof. The inequality (3.1) follows from the fact that [11, p. 162 
For the Laguerre polynomials L n we have [11, p. 
For 2, fc, w, fixed, | w | < 1, the double series on the left here is absolutely convergent. Interchanging the order of summation in this series we get (3.2) .
This is a principal lemma for the proof of Theorem IV. We show that
This inequality is slightly stronger than (3.4) . The proof is based on the representation (3.6), the use of which was suggested by the referee and results in a simpler proof than that originally submitted by the authors for (3.4) .
Proof. The inequality (3.5) is trivial for z = 0 or w = 0. We assume then \z\ f \w\ 9 k fixed with z φ 0, 0 < r < 1. We write
We have then
and we find that (3.5) holds provided
plane, it is enough to show that (3.7) holds for (Θ y φ) in the rectangle
Suppose first that 1 ^ aarp.
Since e f ^ 1 + te\ 0 ^ t, we then, have
which is (3.7) for this case.
Suppose then that aarp < 1. Let (θ, φ) denote a maximal point of T on R. We consider three possible cases Accordingly, to complete the proof it remains to consider the case0 < θ < π. At (θ, φ) both first partial derivatives of T vanish. Accordingly we obtain (3.8) sin ( From (3.9) we get, since aarp < 1 and 0 < θ < π ,
The inequality (3.10) gives T S-aap, which completes the proof.
LEMMA 4. Let a, β, y be positive constants such that a ^ β. Put u(t) = 4a 2 /t + tβ 2 /(4: + t). Then
This lemma and the next two are closely related to results obtained by Szasz and Yeardley [10] . Our proofs are somewhat different from theirs. The precise bound M 3 appearing in Lemma 6 does not occur in their article. (b) . This is the required inequality.
Proof. If a = β, then u(t) =
4* Proof of Theorem IV. Assume the hypotheses of Theorem-IV hold. We note first that under these hypotheses f(x) satisfies (4.1) I/(a?) I ^Ae x l \ O^x, for some positive constant A. It is seen then that the series in (2.2) converges for z, k arbitrary, 0 < k. Thus conclusion (1) of Theorem IV holds. Next, by the theorem of Pollard, and Szasz and Yeardley noted in § 2 above, the hypotheses of Theorem IV imply that / can be repre-sented in p(d) by a convergent Laguerre series: the latter provided 0 < c < cί. Now consider P k (z;f). We have formally
Making use of (3.3) and the first inequality in (4.4) we see that the series in the first line of (4.5) converges absolutely for z, k arbitrary, 0 < k. This justifies the formal manipulation in (4.5) and we accordingly have
for z, k arbitrary, 0 < k. From (4.6) we get
Thus, by Lemma 6, if 0 < b < c < d y then
for sej> (6) . For a fixed 6, 0 < 6 < d, on taking c = |(δ + d), say, we find then that conclusion (4) holds with
It remains to consider conclusions (2) and (3). It is enough to show
Choose &!, ί> 2 , 6 3 ; a?χ, α? a , # 3 such that 0 < b x < b 2 < 6 3 < d, 0 < ^ < x 2 < a? 8r and Sc f7(6i, ^). Making use of conclusion (4) Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6, 2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.
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